In this article we prove some consequences of Dirichlet's theorem on primes in arithmetic progressions. In particular, we consider the gap between consecutive prime numbers. We prove that for a fixed positive integer n, the analytic density of primes that are n less than the next consecutive prime is zero. As a corollary, we have that the set of primes p with the next consecutive prime less than or equal to p + n also has analytic density zero. The paper concludes with some numerical investigations designed to inspire curiosity and conjectures.
Introduction
One of the most beautiful theorems in all of number theory is Dirichlet's theorem on primes in arithmetic progressions [4] . This theorem can be stated as follows. When speaking of the density of an infinite set we need to define what this density is. In this context the natural density is the analytic density of a set S of primes which is given by
where the sum in the denominator is taken over the set of all primes.
In this paper we consider sets of primes that are a fixed distance from the next prime. We say that a prime p has gap n if the next larger prime is p + n. For example, 23 has gap 6 since the larger prime is 29, which is equal to 23 + 6. For example, the set of primes of gap 2 is the following set of twin primes (where we only record the first prime from the pair): {3, 5, 11, 17, 29, 41, . . .}. An open question is whether this set is infinite or not. We could easily generalize this conjecture: is the set of primes with gap n infinite for any positive even integer n? In fact, Hardy and Littlewood [5] conjectured that the number of primes with gap d (d even) that are less than N is asymptotically
We shall prove that the set of primes with any fixed gap has density zero. This does not contradict our conjecture as it is possible to have infinite sets of primes with analytic density zero. For example, each prime number considered as a singleton set (i.e. a set containing precisely one member) would have density zero but the set of all primes has density one. The proof of the result is a relatively simple consequence of Dirichlet's theorem. A corollary is that the set of primes with gap less than n for any positive integer n has density zero as well. This result is not new, though the proof appears to be new and elementary.
In the final section, we provide some numerical evidence on the primes of different gap sizes. While there is certainly no conclusive evidence in these computations, there do appear to be a lot of possible conjectures offering avenues for further research. As one final investigation, we consider whether the primes with a fixed gap appear to be uniformly distributed modulo some small primes as in Dirichlet's theorem on the set of all primes.
Main result
This work began as a result of an observation of one of my undergraduate number theory students, Jeremy Gardner. Jeremy was 'calculating twin primes while doing laundry', and made a list of the first 25 or so twin prime pairs. He observed that the sum of the twin primes was always divisible by 12 (except for the pair 3, 5). We decided to try and prove this fact in general and it turned into a nice number theory exercise. The proof is simply that if p, p + 2 are a twin prime pair, then we have the sum p + p + 2 = 2p + 2 = 2(p + 1), and p + 1 must be divisible by 6 since if p and p + 2 are primes, p = 3, then each must be congruent to either 1 (mod 6) or 5 (mod 6). If p is equivalent to 1 (mod 6), then p + 2 would be equivalent to 3 (mod 6), and this cannot be prime as it would have a factor of 3. Hence, p is congruent to 5 (mod 6) and p + 1 is congruent to 0 (mod 6). This result appeared in 1986 in [2] . A generalization of this observation can be used to prove the following theorem. Theorem 2.1. Let S n be the set of all primes of gap n for a positive integer n, i.e. S n = {p ∈ Z | p is prime, p + n is the smallest prime larger than p}.
Then the analytic density of S n , ρ(S n ), is equal to 0.
Proof. If n is odd then clearly the density of the set S n is zero as S n = ∅, for n = 1, and S 1 = {2}.
If n is even let P n = {p ∈ Z | p is prime, p | n}. According to Dirichlet's theorem, for each prime p 1 ∈ P n the density of all primes in each reduced residue class modulo p 1 is 1/(p 1 − 1). For the primes in S n there is at most one prime in the residue class of 0 (mod p 1 ) (namely if p 1 ∈ S n ) and at most one in the class of −n (mod p 1 ) (if p 1 − n ∈ S n ). No other primes q ∈ S n can occur in these classes since either q would be divisible by p 1 or q + n would be divisible by p 1 . Hence, the analytic density of the primes in S n is bounded by (p 1 − 2)/(p 1 − 1).
A similar argument applies for all of the primes in P n . If p 2 ∈ P n , p 2 = p 1 , then the density of primes in S n is bounded above by (p 2 − 2)/(p 2 − 1). By the Chinese remainder theorem, the number of primes in S n is now bounded by (p 1 − 2)(p 2 − 2)/(p 1 − 1)(p 2 − 1). We continue for all of the primes in P n and we have that the analytic density of S n is bounded above by
Therefore, ρ(S n ) = 0.
We now have the following simple corollary.
Corollary 2.1.
For any positive integer n, the analytic density of primes of gap less than or equal to n is zero, and the density of the set of primes with gap larger than n is 1.
Computations
One natural question is whether certain gaps are more common than others. To investigate this we wrote an algorithm that sorted the first 1.5 million primes into their gap class. After separating the primes into gap classes, we also checked whether a generalization of Dirichlet's theorem holds for individual gap classes. For example, we determined how many elements of S 2 , S 4 , . . . , S 40 fell into each of the residue classes (other than 0 (mod p) and −n (mod p)) modulo p, where p = 5, 7, 11. We also computed a chi-squared statistic to determine whether the primes in a given gap class were equally distributed among the appropriate residue classes.
The results of this investigation were that gap sizes that were divisible by 6 were far more common than other gap classes. For example, there were approximately 125 000 primes with gap 2 and 4, while there were approximately 215 000 primes with gap 6. In Figure 1 we plot the first 1.5 million primes separated into gap sizes (we include only gap sizes up to 40, though the largest gap size was 210).
Furthermore, when computing the percentage of primes of each gap class in each appropriate residue class modulo 5, 7, and 11, the primes of gap size 2 and 4 were reasonably well uniformly distributed with chi-squared values of less than 3. However, these statistics for gap classes larger than 4 were huge. For example the gap size of 6 class modulo 5, 7, and 11 gave chi-squared statistics all in the hundreds. One heuristic explanation as to why there are more primes in gap classes divisible by 6 is a theorem of Lagrange and Matthieu [8] . This states that if three primes are in an arithmetic progression (i.e. p, p + b, p + 2b are all primes and not the progression 3, 5, 7), then the common difference is divisible by 6. A further result of Lagrange [7] proves that if five primes are in an arithmetic progression then the common difference in divisible by 30 (except for the case of 5, 11, 17, 23, 29). A number of authors have observed experimentally that these gap sizes are more common than others; see for example [3] , [6] , and [9] . A recent article [1] claims that the frequency of gap sizes divisible by 6 is a consequence of the random distribution of primes.
If readers would like the MAPLE ® code for these calculations or the full table of statistics that were compiled, they are encouraged to contact the author. There are also larger tables compiled by other authors; see http://www.ieeta.pt/∼tos/gaps.html for tables and further references.
